The Maximum Principle (Hamiltonian)
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Derivethe Hamiltonian

We can solve dynamic optimization problems by the L agrange method.! But in economics, we
often use an easier and amore intuitive method to tackle dynamic optimizations: the Maximum
Principle. There are no essential differences between the Lagrange method and the Maximum
Principle. In fact, we can consider the Maximum Principle as a formulation of the Lagrange
solutions. We here study how we can derive the Maximum Principle from the Lagrangian. The
following explanation is mainly based on Dixit (1990, Ch.10). To brush up, let us rewrite the

Command optimum of the Ramsey model.

.

maxZ Bu(cy) (1)
t=0

st. koi=(0 -0k + f(k) —c, (t=0,...,T) 2)

ko = ko (given) (©)

krii > Kraa (> 0) (4)

1Chow (1997) is a strong advocate of the Lagrange method for dynamic problems.



The Lagrangian function for this problem is:

L = u(cy) + Bu(cy) + B2uU(cy) + --- + pu(c) + Bu(cn1) + -+ B tu(er-1) + BTu(er)
+ 4 f(ko) + (1 = d)ko — Co — ki]
+ Ao[f(ky) + (1 = O)ki — €1 — ko]

+ A3[f(kp) + (1 — d)kz — €2 — kg]

+ /1t+1[f(k() + (1 - 6)kt -G - I‘<t+1]

+ A2 f(ki1) + (1 = 0kt — Cu1 — k2]

+ Ara[f(kr) + (1 — Okr — ¢r — kry4]

+ p[krir - E]

To derive the Maximum Principle, all we need to do isto re-arrange this Lagrangian.



First we can rearrange it as follows:

L = u(co) + pu(cy) + p2uC) + -+ + pu(c) + BHu(Cyy) + -+ B Mu(eror) + BTu(cr)
+ A f(ko) — 0ko — Co] + ko — A1ky
+ [ f(ki) — oki — c1] + Ak — A2k

+ A3[f(k2) — dko — Co] + Azky — A3ks

+ /1t+1[f(k() - 6k( - Ct] + /lt+1kt - /1t+1k(+1

+ /1t+2[f(k(+1) - 6k(+1 - Ct+1] + /1t+2k(+1 - /1t+2k(+2

+ Ar[f(kro1) = okror = croa] + Arkror = Atk
+ Ara[f(kr) — okr — cr] + Araky — Ariakria

+ p[krir — E]

Notethat the expressionsin the bracketsindicate k., ; — ki, whichisinvestment at periodt.



We need one more step. The Lagrangian above can be further arranged as follows.

L =1k + U(Co) + A1 [F(ko) — ko — Co]
+ [/12 - /l]_]k]_ + ﬁU(Cl) + /lz[f(kl) — 6k1 - C]_]

+ [/7.3 - /lz]kz + ﬁZU(Cz) + /lg[f(kz) - 6k2 — C2]

+ [A1 — Ak + Bu(c) + A [f(k) — ok — ¢

+ [/lt+2 - /lt+1]k(+1 + ﬂt+1U(C[+1) + /lt+2[f(k(+1) - 6kt+1 - Ct+1]

+ [/1T+1 - /lT]kT + ﬁTU(CT) + /1T+1[f(k'|') - (5k‘|’ - CT]

+ [,Lt - /1T+1]kT+1 - #kT+1

Finally, we define the Hamilton function (Hamiltonian) as follows. More precisely, we here

define the present-value Hamiltonian.

He = B'u(c) + Awa [f(k) — ok — ¢ 5)



With the Hamiltonian, the original Lagrangian becomes very simple:

L =1k + H(Co, ko, A1)
+ [/12 — /l]_]k]_ + H(C]_, kl, /12)

+ [A3 — Az]ke + H(Co, ka, A3)

+ [/lt+1 - /lt]kt + H(Cb kt7 /lt+l)

+ [/lt+2 - /lt+1]k(+1 + H(Ct+1, kt+l, /1t+2)

+ [Ar11 = Arlke + H(cr, kr, A741)

+ [,Lt - /1T+1]kT+1 - #kT+1
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